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In this paper, we introduce the notion of crystal bases of KacMoody superalge-
bras. We prove the existence of the crystal bases for integrable modules following
Kashiwara’s grand loop argument and we also prove the tensor product rule for
these bases. We simplify his argument without introducing the notion of the boson
Ž .structure on the U  .  2001 Academic Pressq
1. INTRODUCTION
 In 1985, Drinfel’d 3 and Jimbo introduced the notion of quantized
Ž .uniersal eneloping algebras U  of KacMoody algebras . It is knownq
that the integrable representations of  in category O can be deformedint
Ž .to those of U  , preserving useful information, for example, the charac-q
ter of the modules.
Since many of the essential properties of modules are preserved under
Ž .the deformation, it is reasonable to study the U  -representations forq
various q 1. Motivated by this idea, Kashiwara introduced the notion of
Ž .the crystal base which is roughly the basis of the U  -module whenq
Ž .q 0. Using the representation theory of U  , he defined certainq 2
operators which are now called the Kashiwara operators. It is known that
these operators have a very nice behavior with respect to the tensor
Ž .  product of U  -modules 12 .q
The notion of KacMoody superalgebras is a generalization of that of
KacMoody algebras. Naturally, we want to develop the theory of crystal
1 This research was supported in part by KOSEF Grant 98-0701-01-05-L and BK21 at
Pohang University of Sciences and Technology, Korea.
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bases for KacMoody superalgebras. For this, it is essential to construct
the quantized universal enveloping algebras for KacMoody superalge-
 bras. Recently, this was done by Benkart et al. 2 for a more general class
of algebras named Borcherds superalgebras.
The simplest example of a KacMoody superalgebra which is not a
Ž .  KacMoody algebra is  1, 2n . In 15 , Zou determined the integrable
Ž Ž ..modules for U  1, 2n , and Musson and Zou defined the crystal baseq
Ž Ž ..of U  1, 2n and proved the tensor product rule of crystal bases inq
 14 . Since their approach is based on the finiteness of the dimension of
Ž Ž ..  the modules over U  1, 2n which is the approach given in 6 , it isq
hard for it to be generalized into our infinite dimensional setting.
Hence in this article, we define crystal bases for KacMoody superalge-
bras generalizing those of KacMoody algebras. Then we prove the tensor
Ž Ž ..product rule of crystal bases of U  1, 2 in our setting using theq
Ž Ž ..representation theory of U  1, 2 . Finally we also prove the existenceq
of crystal bases for integrable representations of KacMoody superalge-
 bras using Kashiwara’s grand loop argument 12 . Moreover, we simplify
Ž .his argument by avoiding the crystal base theory of U  .q
2. KACMOODY SUPERALGEBRAS
In this section, we recall the notion of KacMoody superalgebras. Let I
odd Ž .be a finite index set and let I  I. Let A a be a generalizedi j i, j I
Cartan matrix; that is,
Ž .1 a  2 for all i I.i i
Ž . Ž .2 a   i j .i j 	 0
Ž .3 a  0 if and only if a  0.i j ji
We say that A is colored by I odd if it satisfies
a  2 for all i I odd , j I.i j
We define the parity function by p  1 if i I odd and define p  0i i
otherwise. Then A is colored by I odd if and only if p a  2 for alli i j
i, j I.
   Let  be a vector space having dim  2 I  rank A. Let   i
4 
   4i I  * and Ł  h i I   be linearly independent sets suchi
Ž .that  h  a for all i, j I. The free abelian group Q i j ji i I i
Ž .generated by  i I is the root lattice associated to A. Let Q i 
Ž .Ý   and Q Q . Then the parity p  of Ý k  Q isi I  0 i   i i i
defined to be Ý k p in  .i i i 2
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For a generalized Cartan matrix A colored by I odd, there exists a
Ž odd.KacMoody superalgebra   A, I generated by the elements h
   , e , f   subject to the relations 100 i i p i
 h , h  0 for all h , h  ,
   h , e   h e , h , f  h f ,Ž . Ž .i i i i i i
e , f   h ,i j i j i
1a 1ai j i jad e e  0 ad f f i j .Ž . Ž . Ž . Ž .Ž .i j i j
Ž .Here, we have a  -gradation on  given by    i 0, 12 i pŽ . i 
    Ž . 4where   x  h, x   h x for all h  for Q. The abelian
subalgebra  is called the Cartan subalgebra of . If   0, Q is
called a root of . One can show that every root is in Q or in Q . An 
Ž . Ž .element Q is called odd if p   1 and is called een if p   0.
Note that 2 is a root if p  1. From now on, we assume that thei i
generalized Cartan matrix A is symmetrizable. That is, there exists an
Ž .invertible diagonal matrix D diag s , . . . , s such that DA is symmetric.1 n
Ž  .For a symmetrizable A, there exists a symmetric bilinear form on *
Ž  .  such that    s a 10 .i j i i j
Ž odd.DEFINITION 2.1. For a KacMoody superalgebra   A, I , the
Ž .uniersal eneloping algebra U  of  is the associative algebra generated
Ž .by the elements h  , e , f i I subject to the relationsi i
hh hh 0 for all h, h  ,
Ž . Ž .he  e h  h e , hf  f h h f ,i i i i i i i i
Ž . pi p je f  1 f e   h ,i j j i i j i
b b
b bbn n bn np n , i , j e e e  0 p n , i , j f f f i j ,Ž . Ž . Ž .Ý Ýi j i i j iž / ž /n n
n0 n0
Ž . Ž .nŽ .n pi p jŽ . pi nŽn1.2where p n, i, j  1 1 1 and b 1 a .i j
Let us recall the definition of the quantized universal enveloping algebra
of KacMoody superalgebras. Let q be an indeterminate and put q  q si.i
First, we define the q -binomial coefficients asi
n p i n n1 q  qŽ . i i n  ,pi i 11 q  qŽ . i i
n
! !     n  m , 0  1,Łi i i
m1
! N iN  for n , N  . 0! !n i    n N ni i
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 Ž .Fix a -lattice P of  containing all h i I such that  is -valuedi i
on P
 for each i I. Then the quantized uniersal eneloping algebra
Ž . Ž . h ŽU  of  is the associative  q -algebra with 1 generated by q h

. Ž .P , e , f i I with defining relationsi i
q0 1, q hq h q hh for all h, h P
,
q he qh  q iŽh.e , q h f qh  q iŽh. f ,i i i i
q hi qh ii ip pi jŽ .e f  1 f e   ,i j j i i j 1q  qi i
b b
b bbn n bn np n , i , j e e e  p n , i , j f f f  0 for i j,Ž . Ž .Ý Ýi j i i j in ni in0 n0
where b 1 a . We put K  q hi for convenience. Then it is knowni j i i
Ž .that U  has a Hopf superalgebra structure on it.q
  Ž .PROPOSITION 2.1 2 . The algebra U  has a Hopf superalgebra structureq
with comultiplication , counit  , and antipode S defined by
 q h  q h q h for h P
,Ž .
 e  e  K1  1 e ,Ž .i i i i
 f  f  1 K  f for i I ,Ž .i i i i
 q h  1 for h P
,Ž .
 e   f  0 for i I ,Ž . Ž .i i
S q h  qh for h P
,Ž .
S e e K , S f K1 f for i I.Ž . Ž .i i i i i i
Ž . Ž Ž .. Ž . Ž .Let U  resp. U  be the  q -subalgebra of U  generated byq q q
Ž . 0Ž . Ž . hf resp. e and let U  be the  q -subalgebra generated by qi i q
Ž 
. Ž .h P . For each i I, let us define U  as the subalgebra generatedq i
by e and f .i i
  Ž . Ž . 0Ž .PROPOSITION 2.2 2 . As a ector space, U  U  U  q q q
Ž .U  .q
Ž .Example 2.1. Let   1, 2 be the KacMoody superalgebra cor-
Ž . odd  4responding to the generalized Cartan matrix 2 with I  I 1 . Let m
2 Ž .be an integer and let  be a number such that   1. Let V 2m,  be a
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Ž .  k  42m 1 -dimensional vector space with basis f  k 0, 1, . . . , 2m . Now
define
q h 	 f k   	 q2 m2 k f k ,
q q1kk k1   e 	 f    1 k 2m k 1 f  ,Ž . q q 1q q
f 	 f k  f k1 .
Here, we adopt the convention f k  0 if k 2m or k 0. Then
Ž . Ž .V 2m,  becomes an irreducible U  -module. Conversely, every finiteq
Ž . Ž .dimensional irreducible U  -module is of the form V 2m,  for someq
nonnegative integer m and 1.
3. HIGHEST WEIGHT MODULES AND POLARIZATION
  Ž . 
4Let P be the weight lattice 
 * 
 h   for all h P . A vector
Ž . in a U  -module M is called a weight ector of weight 
 P ifq
q h  q
Žh. for all h P
.
An 
-weight space M is the subspace of M consisting of vectors of weight

Ž .
. We call a U  -module M a highest weight module of highest weight 
q




Ž .1 e u  0 for all i I.i 

Ž . Ž .2 MU  u .q 

Ž . Ž .Assume that 
 P and consider the left ideal I 
 of U  generatedq q
Ž . h 
Žh. Ž 
.by the elements e i I and q  q h P . Define the Vermai
Ž . Ž . Ž . Ž . Ž .module M 
 by U  I 
 . Then M 
 is a highest weight U  -mod-q q q
ule under left multiplication with highest weight 
 and highest weight
Ž .vector u  1 I 
 . Then we have the following.
 q
  Ž . Ž .PROPOSITION 3.1 2 . 1 For eery 
 P, eery highest weight U  -q
Ž .module with highest weight 
 is a homomorphic image of M 
 .
Ž . Ž . Ž .2 As a U  -module, M 
 is free of rank one generated by the highestq
Ž .weight ector 1 I 
 .q
Ž . Ž . Ž .3 M 
 contains a unique maximal submodule N 
 .
By this proposition, we define the irreducible highest weight module
Ž . Ž . Ž . Ž .V 
 over U  with highest weight 
 by M 
 N 
 . Let P q 
  Ž . Ž . odd4
 * 
 h   for i I and 
 h  2 for j I be the seti  0 j  0
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of dominant integral weights. Then we have the following characterization
Ž .of V 
 .
 PROPOSITION 3.2 2 . Suppose that 
 P and V is a highest weight
Ž .module oer U  with highest weight 




Žhi.1  0 for all i I.i 

Ž .Then V is isomorphic to the irreducible highest weight module V 
 .
Ž .We call a U  -module M integrable ifq




Ž . Ž .2 For any i, M is a union of finite dimensional U  -modules.q
Then it is easy to show the following.
Ž . Ž .PROPOSITION 3.3. The irreducible highest weight U  -module V 
 isq
integrable if and only if 
 P .
Ž .Let O denote the category of integrable U  -modules M such thatint q




Ž .Let  be the involutary antiautomorphism on U  extendingq
 q h  q h ,  f  q1K e ,  e  q K1 f .Ž . Ž .Ž . i i i i i i i i
Ž .Note that the map  preserves the defining relations of U  ; forq
example, we have
K  K1i ip pi j e f  1 f e    .Ž .ž /i j j i i j 1ž /q  qi i
Ž . Ž .For a U  -module M, a symmetric bilinear form , on M is called aq
polarization if it satisfies the properties
Pu,   u ,  P  , for all PU  , u ,  M . 3.1Ž . Ž . Ž . Ž .Ž . q
Ž . Ž .Let , and , be polarizations of M and M , respectively. For1 2 1 2
Ž . Ž Ž .. Ž . Ž . x Ý x  x , it is easy to show   x Ý x   x . ForŽ1. Ž2. Ž1. Ž2.
example,
 f  1  K   f  q1K e  1 K  q1K eŽ . Ž . Ž .i i i i i i i i i i
and
 q1K e  q1 K  e  q1 K  K e  K1  1 e .Ž . Ž . Ž .Ž . Ž .i i i i i i i i i i i i
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Ž . Ž . Ž .Therefore u  u ,    u ,  u ,  defines a polarization on1 2 1 2 1 1 1 2 2 2
M M .1 2
Ž .PROPOSITION 3.4. For 
 P , V 
 admits a unique nondegenerate
Ž .polarization such that u , u  1.
 

Proof. To show the existence and the uniqueness is fairly standard.
Ž .Here we only show the nondegeneracy of the polarization on V 
 . If

  Ž Ž . . 0 then we are done. Suppose that   0 and u, V 
  0. Since

Ž . Ž . Ž Ž . .V 
 Ý f V 
 , we have u, f V 
  0 for all i I.
 i i 
 i 
i i
Ž 1 Ž . .Hence we have q K e u, V 
  0 for each i I. Consequently,i i i 
 iŽ
 i.Žhi.1Ž Ž . .we obtain q e u, V 
  0 for each i I. By thei i 
 i
induction, e u 0 follows. Hence we are done.i
Ž . Ž . Ž . Ž .For 
,  P , let  : V 
   V 




Ž . Ž . Ž .V   V 
  be the U  -module homomorphisms such thatq







   id .
,  
 ,  V Ž
 .
Ž . Ž . Ž . Ž .Let , be the polarizations on V 
  and V 
  V  . Then we
have
 u ,   u ,  Ž . Ž .Ž . Ž .
,  
 , 
for u V 
  V  and   V 
  .Ž . Ž . Ž .
Ž Ž . Ž ..This follows from the uniqueness of polarization on V 
  V  
Ž . Ž .V 




h Ž .Let e , f , and q be the generators of U  . We definei i q
1 1
Žn. n n nf  f , e  ei i i i! !   n ni i
for each i I and n  . 0
Ž .PROPOSITION 4.1. Let M be an integrable U  -module. Fix i I and letq
uM . Then u can be uniquely written as

N
Žn.u f u , 4.1Ž .Ý i n
Ž .Ž .
n h n0i i
where N  and u M  ker e for each n. 0 n 
n ii
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Ž .Proof. The existence of the expression 4.1 follows easily from the
decomposition of M into a direct sum of finite dimensional irreducible
Ž .U  -modules. For the uniqueness, suppose that we have an expressionq i
N
Žn.f u  0,Ý i n
Ž .Ž .
n h n0i i
where N  and u M  ker e for each n. We will show that 0 n 
n ii
all u  0 by induction on N. If N 0, there is nothing to prove. Ifn
Ž .N 0, by applying e on 4.2 , we geti
N
Žn1.0 f u  0.Ý i n
Ž .Ž .
n h n1i i
 Ž . By induction hypothesis, we have 
 h  n 1 u  0 for each n. Buti i n
Ž .we have 
 h  n 1 0 for each n. Hence we have u  0 for eachi n
n 0. Consequently, u  0 follows also.0
By this proposition, we define the Kashiwara operators f , e on M by˜i i
N N
Žn1. Žn1.f˜ u f u , e u f u .˜Ý Ýi i n i i n
n0 n1
˜It is clear that f and e preserve the weight spaces; that is,˜i i
f˜ M  f M , e M  e M for all i I , 





 Ž . Ž .  Ž . Ž .   Ž . 4Let  f q g q f q , g q  q , g 0  0 .
Ž .DEFINITION 4.1. A pair L, B is called a crystal base of M if it satisfies
the following conditions:
Ž . Ž .1 L is a free -submodule of M such that M q  L.A
Ž .2 B is a base of LqL.











˜ ˜Ž .5 e L L and f L L for any i. By this e and f act on LqL.˜ ˜i i i i
˜Ž .  4  46 e B B 0 and f B B 0 .i˜ i
˜Ž .7 For any b, b B, we have b f b if and only if b e b.˜i i
Ž .For a crystal base L, B , we can give a graph structure as usual. For
b B, we define
n˜ n  b max n f b 0 and  b max n e b 0 .Ž . Ž .  4 4 ˜i i i i
Ž .For b B , we set wt b  
 and call it the weight of b.
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Ž .EXAMPLE 4.1. Let V 2m, 1 be the irreducible highest weight
Ž Ž .. Žn.U  1, 2 -module. Put L be the -module generated by f  andq
Žn. n˜  4   4B f   qL n 0, . . . , 2m  f   qL n 0, . . . , 2m . Then it is
Ž . Ž .almost clear that L, B is a crystal base of V 2m, 1 .
Ž .For the crystal bases B of M j 1, 2 , we define the tensor productj j
  4B  B by b  b b  B , b  B . Now we prove the tensor product1 2 1 2 1 1 2 2
Ž Ž ..rule for integrable U  1, 2 modules. As usual, we define 0 bq
b 0 0.
Ž . Ž .THEOREM 4.2. Let M , M be integrable U  -modules and let L , B1 2 q j j
be a crystal base for M , respectiely. Set L L  L M M andj 1  2 1 2
B B  B . Then we hae the following.1 2
Ž . Ž .1 L, B is a crystal base for MM M .1 2
Ž . Ž .2 For b  B j 1, 2 , we haej j
f˜ b  b if  b   bŽ . Ž .i 1 2 i 1 i 2f˜ b  b  mod qL ,Ž . Ž .i 1 2 ½ ˜b  f b if  b 	  bŽ . Ž .1 i 2 i 1 i 2
e b  b if  b   bŽ . Ž .i˜ 1 2 i 1 i 2e b  b  mod qL .Ž . Ž .i˜ 1 2 ½ b  e b if  b   bŽ . Ž .˜1 i 2 i 1 i 2
Therefore we hae
 b  b   b max  b   b , 0 ,Ž . Ž . Ž . Ž .Ž .i 1 2 i 1 i 2 i 1
 b  b   b max  b   b , 0 .Ž . Ž . Ž . Ž .Ž .i 1 2 i 2 i 1 i 2
even  Proof. Kashiwara showed this theorem for i I 13 . Hence it is
enough to check for each i I odd. From now on, we assume that i I odd
and we drop the subscript i for convenience. We will prove this theorem
Ž Ž .. Ž . Ž .for irreducible U  1, 2 -modules M  V n , M  V 2 N . We shallq 1 2
use induction on N. When N 0, it is trivial.
Ž . Ž . Ž .Case i . For N 1, let M  V n and M  V 2 . Here we may1 2
assume that n 0. Let u  f Žk .u and   f Žk . be the basis of M andk k 1
M , respectively, where u and  are the highest weight vectors. Let2
Ž . Ž .L L n  L 2 . By calculation,
f Žm. u   u   a u   b u  ,Ž .0 0 m 0 m m1 1 m m2 2
f Žm. u   u   c u  ,Ž .0 1 m 1 m m1 2
f Žm. u   u  ,Ž .0 2 m 2
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Žm.  f u   m 1 u   d u   g u  ,Ž .1 0 m1 0 m m 1 m m1 2
Žm.  f u   m 1 u   r u  ,Ž .1 1 m1 1 m m 2
   m 1 m
Žm.f u   u   s u   t u  ,Ž .2 0 m2 0 m m1 1 m m 2 2
where
m11
n2 k nm1a  q  q 1 q , 4.2Ž . Ž .Ým  m k0
m2 k 2
n2 k n2 l 2 n2 m4b  q q  q 1 q , 4.3Ž . Ž .Ý Ým    m m 1 k0 l0
m1 2
n2 k nmc  q  q 1 q , 4.4Ž . Ž .Ým  m k0
m1
n2 k n2 m2d  q  q 1 q , 4.5Ž . Ž .Ým
k1
m1 k 2
n2 k n2 l 2 n3m4g  q q  q 1 q , 4.6Ž . Ž .Ý Ým  m k0 l1
m
n2 k n2 m1 r  2 q  q 1 q , 4.7Ž . Ž .Ým
k1
m m 1
n2 k n3m2s  q  q 1 q , 4.8Ž . Ž .Ým  2 k2
m k
n2 k n2 l 2 n4 mt  q q  q 1 q . 4.9Ž . Ž .Ý Ým
k2 l2
Now note that ker e is generated by the following three vectors
 2
2x u  , y u   q u  ,0 0 0 1 1 0 n
1  q q 1 2
2z u   u   q u  .0 2 1 1 2 01      n n 1 nq q
KYEONGHOON JEONG572
Ž . Ž .Therefore by 4.2 and 4.3 , we have
u  if m	 n m 0
Žm. u  if m n 1f u   mod qL . 4.10Ž . Ž . Ž .m1 10 0 u  if m n 2m2 2
Žm.Ž . n2For x  f u  , let L   x be the lattice generated bym 0 0 1 m0 m
 Ž .  4 Ž .x and let B  x mod qL m	 n 2 . Then L , B form a crystalm 1 m 1 1
 2 2Ž .base of V n 2 . Let y u   q u  . Then we have0 1 1 0 n
y  f Žm. ym
   2 2
2 2 q u   1 q d u m1 0 m m 1ž /   n n
 2
2 c  q g u m m m1 2ž / n
u  if m nm 1
 mod qL .Ž .½ u  if m nm1 2
Ž . Ž . Ž . nby 4.4 , 4.5 , and 4.6 . Note also that yM . Hence L   yn 2 m0 m
 Ž .  4 Ž .and B  y mod qL m	 n form a crystal base of V n . Let z u2 m 0
1 21 1 2Ž . Ž .  q q  q q u   q u  . Then we2 1 1 2 0     n n n 1
have
z  f Žm.zm
1  q q 1 2
2 1 r  q t u m m m 21ž /     n n n 1q q
1  q q 2
2  m 1  q s u m m1 11ž /   n n 1q q
   m 1 m
2 q u m2 0   n n 1
 u  if m	 n 2 mod qLŽ .m 2
Ž . Ž . Ž . n2by 4.7 , 4.8 , and 4.9 . Note also that zM . Hence L   zn2 3 m0 m
 Ž .  4 Ž .and B  z mod qL m	 n 2 form a crystal base of V n 2 .3 m
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Summarizing these results, we have the following crystal graph.
u  u  			  u  u  u0 1 n2 n1 n
 u   u   			  u   u   u 0 0 0 1 0 n2 0 n1 0 n 0
 
 u   u   			  u   u  u 1 0 1 1 1 n2 1 n1 1 n 1
  
 u   u   			  u  u  u 2 0 2 1 2 n2 2 n1 2 n 2
This also explains the decomposition
V n  V 2  V n 2  V n  V n 2Ž . Ž . Ž . Ž . Ž .
L n  L 2  L n 2  L n  L n 2 4.11Ž . Ž . Ž . Ž . Ž . Ž .
B n  B 2  B n 2  B n  B n 2 .Ž . Ž . Ž . Ž . Ž .
Ž . Ž . Ž .Case ii . Assume that our assertion is proved for V n  V 2 M
Ž Ž . Ž . Ž .for MN. Then by induction hypothesis, L n  L 2 N 2 , B n 
Ž .. Ž . Ž . Ž Ž . Ž ..B 2 N 2 is a crystal base of V n  V 2 N 2 . Let L 2 , B 2 be a
Ž . Ž . Ž Ž .crystal base of V 2 . Then by Case i , we know that L n 
Ž . Ž . Ž . Ž . Ž .. Ž .L 2 N 2  L 2 , B n  B 2 N 2  B 2 is a crystal base of V n 
Ž . Ž . Ž . Ž .V 2 N 2  V 2 . By 4.11 , we know that the pair L, B where L
Ž Ž . Ž .. Ž Ž . Ž .. Ž Ž . Ž ..L n  L 2 N  L n  L 2 N 2  L n  L 2 N 4 and B
Ž Ž . Ž .. Ž Ž . Ž .. Ž Ž . Ž ..B n  B 2 N  B n  B 2 N 2  B n  B 2 N 4 forms a
Ž Ž . Ž .. Ž Ž . Ž .. Ž Ž .crystal base of V V n  V 2 N  V n  V 2 N 2  V n 
Ž .. Ž Ž . Ž . Ž . Ž ..V 2 N 4 . By induction we have that L n  L 2 N , B n  B 2 N is
Ž . Ž .a crystal base of V n  V 2 N .
Let us prove the tensor product rule. Note that
 : B 2 N  B 2 N 2  B 2 ,Ž . Ž . Ž .
u    w if 0	 t	 2 N 2,t t 0
u    w ,2 N1 2 N2 1
u    w ,2 N 2 N2 2
Ž . Ž . Ž .where u ,  , and w are the crystal bases of V 2 N , V 2 N 2 , and V 2 ,j j j
Ž .respectively. Put b be the crystal base of V n . Suppose that 0	 t	j
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Ž . Ž .2 N 2. Then we have  b   0. Hence  w  0 implies thats t 0
e b  u  e b   w  e b   wŽ . Ž . Ž .˜ ˜ ˜s t s t 0 s t 0
eb   w if  b   Ž . Ž .˜ s t 0 s t
 ½ b  e  w if  b   Ž . Ž .˜s t 0 s t
eb  u if  b   uŽ . Ž .˜ s t s t ½ b  eu if  b   u .Ž . Ž .˜s t s t
Suppose that j 1, 2.
e b   w˜Ž .s 2 N2 j
e b   w if  b    wŽ . Ž . Ž .˜ s 2 N2 j s 2 N2 j
 ½ b   w if  b    w .Ž . Ž .s 2 N2 j1 s 2 N2 j
Ž . Ž Ž . Ž . .Here we have  b  max  b   u , 0 . Hence in cases 2 N2 s 2 N2
Ž . Ž . Ž . Ž . b    w  0, we obtain  b   u . Therefore wes 2 N2 j s 2 N2
have
e b   w˜Ž .s 2 N2 j
eb   w if  b      wŽ . Ž . Ž .˜ s 2 N2 j s 2 N2 j
 ½ b   w otherwise.s 2 N2 j1
By the correspondence  , we have
eb  u if  b      wŽ . Ž . Ž .˜ s 2 N2j s 2 N2 j
e b  u ˜Ž .s 2 N2j ½ b  u otherwises 2 N2j1
eb  u if  b   uŽ . Ž .˜ s 2 N2j s 2 N2j
 ½ b  eu otherwise.˜s 2 N2j
Ž .Suppose that 0	 t 2 N 2. Since  b   0, we haves t
˜ ˜ ˜f b  u  f b   w  f b   wŽ . Ž . Ž .s t s t 0 s t 0
f˜b   w if  b   Ž . Ž .s t 0 s t
 ½ ˜b  f  w if  b 	  Ž . Ž .s t 0 s t
f˜b  u if  b   uŽ . Ž .s t s t ½ ˜b  fu if  b 	  u .Ž . Ž .s t s t
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Suppose that j 0, 1, 2. Then we have
f˜ b   wŽ .s 2 N2 j
f˜ b   w if  b    wŽ . Ž . Ž .s 2 N2 j s 2 N2 j
 ½ b   w if  b  	  w .Ž . Ž .s 2 N2 j2 s 2 N2 j
Ž . Ž Ž . Ž . .Here we have  b  max  b   u , 0 . Hence in cases 2 N2 s 2 N2
Ž . Ž . Ž . Ž . b    w , we obtain  b   u . Therefore we haves 2 N2 j s 2 N2
f˜ b   wŽ .s 2 N2 j
f˜b   w if  b      wŽ . Ž . Ž .s 2 N2 j s 2 N2 j
 ½ b   w otherwise.s 2 N2 j1
By the correspondence  , we have
f˜b  u if  b      wŽ . Ž . Ž .s 2 N2j s 2 N2 jf˜ b  u Ž .s 2 N2j ½ b  u otherwises 2 N2j1
f˜b  u if  b   uŽ . Ž .s 2 N2j s 2 N2j ˜b  fu otherwise.s 2 N2j
Hence we have proved the tensor product rule.
Ž .Remark 4.1. Let u  M such that e u  0 for j 1, 2. Let L bej j 
 i jj
Žn. Žm. Ž .the -module generated by f u  f u n, m 0 . Then we havei 1 i 2
˜ Žn. Žm.f f u  f uŽ .i i 1 i 2
f Žn1.u  f Žm.u if 
 h  nmŽ .i 1 i 2 1 i
 mod qL ,Ž .Žn. Žm1.½ f u  f u if 
 h  n	mŽ .i 1 i 2 1 i
e f Žn.u  f Žm.u˜ Ž .i i 1 i 2
f Žn1.u  f Žm.u if 
 h  nmŽ .i 1 i 2 1 i
 mod qL .Ž .Žn. Žm1.½ f u  f u if 
 h  nmŽ .i 1 i 2 1 i
Ž . Ž .For each 
 P , we define L 
 to be the -submodule of V 

˜ ˜ Ž . Ž . Ž .generated by f 			 f u and let B 
 be the subset of L 
 qL 
i i 
1 r ˜ ˜ Ž .consisting of nonzero vectors of the form f 			 f u  qL 
 . For simplic-i i 
1 r
˜ ˜ ˜ ˜ Ž .ity, we just write f 			 f u rather than f 			 f u  qL 
 . In the nexti i 
 i i 
1 r 1 r
section, we will prove the following existence theorem of the crystal bases.
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Ž Ž . Ž .. Ž .THEOREM 4.3. For 
 P , L 
 , B 
 is a crystal base of V 
 .
5. KASHIWARA’S GRAND LOOP
In this section, we prove Theorem 4.3, which is the existence theorem of
Ž . Ž .the crystal base for the U  -module V 
 .q
5.1. Some Preliminaries
PROPOSITION 5.1. Suppose that 
 P .
Ž . Ž . Ž . Ž . Ž .1 L 
 is a free -submodule of V 
 such that V 
  q 
Ž .L 
 .
Ž . Ž . Ž . Ž . Ž . Ž .2 L 
  L 
 , where L 
  L 
  V 
 . P   
Ž . Ž . Ž . Ž . Ž . Ž Ž . Ž . .3 B 
  B 
 , where B 
  B 
  L 
 qL 
 . P    
˜Ž . Ž . Ž .4 f L 
  L 
 for any i.i
˜Ž . Ž . Ž .  45 f B 
  B 
  0 .i
Ž . Ž . Ž . Ž .Proof. 2 , 3 , 4 , and 5 are almost clear. We only show that
Ž . Ž . Ž .V 
  q  L 
 by the descending induction of the weight of .  
Ž . Ž . Ž . Ž . Ž .Since L 
  , we have  q  L 






˜Ž . Ž . Ž .V 
 . Suppose that  
. By definition L 
 Ý f L 
 . It i I i  i
follows that
˜ ˜ q  L 
  q  f L 
  f  q  L 
Ž . Ž . Ž . Ž . Ž . Ž .Ž .  Ý Ý  i i i i
iI iI
˜ f V 
  f V 
  V 
 .Ž . Ž . Ž .  Ý Ýi ii i
iI iI
Ž .Since L 
 is a finitely generated module over a principal ideal domain
, it is free over . Hence we are done.
Ž .
  Ž . Ž Ž ..LEMMA 5.2. Suppose that 
 P . Let L 
  u V 




  Ž . Ž Ž .
. 4 Ž .

 and L 
  u V 
 : u, L 




Ž .Proof. Let u , . . . , u be the -basis of L 
 . By Proposition 3.4, we1 n 

1 n Ž . iare able to take a dual basis u , . . . , u in V 
 . Clearly, u are

Ž .
 i Ž .contained in L 
 . Moreover a vector Ýa u  V 




 if and only if a  for each i I. Hence L 
 is a freei




 is a free -module having basis u , . . . , u . Hence we are done.1 n
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Now we shall prove the other conditions simultaneously by the induc-
Ž .tion on the height of weights. Recall the definition of  : V 
  
, 
Ž . Ž . Ž . Ž . Ž .V 
  V  and  : V 
  V   V 




Ž .are U  -module homomorphisms, they preserve the weight space decom-q
positions and the ker e for each i I. Hence they commute with e and˜i i
f˜ .i
Ž . Ž . Ž .We also define the homomorphism S : V 
  V   V 
 as
, 
S u u  u for u V 
 andŽ .Ž .
,  
S V 
  f V   0.Ž . Ž .Ý
,  iž /
i
Ž .By the definition of , we have f u  f u  K u f  , and thei i i i
last terms are sent to zero by S . Hence we have that S is a
,  
, 
Ž . Ž .U  -module homomorphism. We denote that 
 0 if 
 h  0 forq i
all i I.
5.2. Induction Hypotheses
Consider the following collection of statements. Here we assume that 
,
  4 P and Q  Ýn  Q Ýn 	 r for r  . r i i  i  0
Ž 1. Ž . Ž .C e L 
  L 
 .˜r i 

Ž 2 . Ž . Ž .  4C e B 
  B 
  0 .˜r i 

3 ˜Ž . Ž . Ž .C For b B 
 and b B 




Ž 4. Ž Ž . . Ž . Ž .C  L 
   L 
  L  .r 
,  

Ž 5. ŽŽ Ž . Ž .. . Ž .C  L 
  L   L 
  .r 
,  

Ž 6. ŽŽ Ž . Ž .. . Ž .  4C  B 
  B   B 
   0 .r 
,  

Ž 7. Ž . Ž . Ž .C B 






Ž 1. Ž 7.We shall prove C  C by the induction on r. For i I, let r r i
Ž .denote the fundamental weights such that  h   .i j i j
Ž .5.3. Consequences of Cr1
Ž . Ž . Ž . Ž .Now assuming C , we will prove C . Since C and C are almostr1 r 0 1
Ž .trivial, we may assume that r 2. Hereafter, C is assumed.r1
LEMMA 5.3. Let 
,  P and let  , Q . r1
Ž . N Žn. Ž .1 Suppose that u  Ý f u  L 
 , where u n0 i n 
 n
Ž . Ž .Ž .V 
 , e u  0, and u  0 except when 
  n h  n
n i n n i ii
Ž .0. Then u  L 
 .n
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˜Ž . Ž Ž . Ž . . Ž . Ž . Ž Ž .2 f L 
  L   L 
  L  and e L 
 ˜i 
  i 

Ž . . Ž . Ž .L   L 
  L  .
Ž . N Žn. Ž .Proof. 1 Let uÝ f u  L 
 as an assumption. We willn0 i n 

use induction on N. If N 0, the result follows trivially. Now let N 0.
N1 Žn. Ž . Ž 1 .Then Ý f u  e u L 
 by C . By the induction hy-˜n0 i n1 i 
 r1i Žn. n˜Ž . Ž .pothesis, we have u , . . . , u  L 
 . Hence f u  f u  L 
 for1 N i n i n
Ž . Ž .n 1. Therefore u  L 
 since u L 
 .0
Ž . Ž . Ž .2 By 1 , it is enough to show that, for u L 
 and  
n i
Ž . Ž .Ž .L  such that e u e   0, 
  n h  n 0 andm i i i ii
Ž .Ž . m h m 0,i i
˜ Žn. Žm. Žn. Žm.f f u f  , e f u f   L 
  L  . 5.1Ž . Ž . Ž .˜Ž . Ž .i i i i i i
Let M be the -module generated by f Ž s.u f Ž t . . Then M is stable by e˜i i i
˜ Ž . Ž .and f modulo qM by Theorem 4.2. Then 5.1 follows from M L 
 i
Ž .L  .
LEMMA 5.4. Let  Q and let 
 P . Suppose that u r1 
N Žn. Ž . Ž .Ý f u  b B 
 , where u  L 
 , e u  0, and u n0 i n 
 n 
n i n ni
Ž .Ž .0 except when 
  n h  n 0. Then there exists n such thati i 0
Žn0 . Ž Ž .. Ž .u f u mod qL 
 and u  qL 
 for n n .i n n 00
Proof. We prove by using induction on N again. If N 0, there is
Ž 2 .nothing to prove. Hence we may assume that N 0. By C we haver1
N
Žn1.  4e u f u  e b B 
  0 .Ž .˜ ˜Ýi i n i
n1
Then we have the following two cases.
Ž . Ž . Ž .Case i . e u qL 
 . Lemma 5.3 says that u  qL 
 for n 1.i˜ n
Choosing n  0, we are done.0
Ž . Ž . Ž .Case ii . e u qL 
 . In this case e u e b B 
 . By the induction˜ ˜ ˜i i i
Žn01 . Ž Ž ..hypothesis, we have n  1 such that e u f u mod qL 
 and˜0 i i n0
Ž . Ž 3 .u  qL 
 for n n and n 1. Now C says thatn 0 r1
˜ ˜ Žn0 .u b f e b f e u f u mod qL 
 .Ž .Ž .˜ ˜i i i i i n0
˜ Ž .Moreover, in this case we obtain u  u f e u qL 
 .˜0 i i
Ž . Ž .   n 4For Q and b B 
 , we set  b max n e b 0 .˜r1 
 i i
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LEMMA 5.5. Let  , Q and let 
,  P .r1 
Ž . Ž . Ž .1 If b B 
 and b B  , then we hae
 
f˜ b b if 
  h   b   bŽ . Ž . Ž . Ž .i i i if˜ b b  5.2Ž . Ž .i ½ ˜b f b if 
  h   b 	  b ;Ž . Ž . Ž . Ž .i i i i
e b b if 
  h   b   bŽ . Ž . Ž . Ž .i˜ i i ie b b  5.3Ž . Ž .i˜ ½ b e b if 
  h   b   b ,Ž . Ž . Ž . Ž .i˜ i i i
Ž . Ž .modulo qL 
  L  .
Ž . Ž . Ž . Ž .2 For b b B 
  B  , e b b  0 implies b b˜
  i
˜ Ž . f e b b .˜i i
Ž . Ž . Ž . Ž .3 For b b B 
  B  if e b b  0 for all i I,˜
  i
then b u .

˜ ˜ ˜Ž . Ž . Ž .4 For b B 
 , f b u  f b u or f b 0.
 i  i  i
Ž . Žn. Ž . Žm.Proof. 1 We may assume that b f u mod qL 
 and b f i i
Ž . Ž s.mod qL  by Lemma 5.4. Let M be the -module generated by f ui
Ž t . Ž . Ž .f . Then by Remark 4.1 and the fact that M L 
  L  , we arei
done.
Ž . Ž . Ž . Ž .2 and 4 are simple consequences of 5.2 and 5.3 and Remark 4.1.
Ž . Ž .3 If e b 0 for any i, we have b u . Hence 3 follows immedi-i˜ 

ately.
Ž 4.PROPOSITION 5.6. C For Q and 
,  P ,r r 
 L 
   L 
  L  .Ž . Ž . Ž .Ž .

 , 
˜Ž . Ž .Proof. By definition, we have L 
  Ý f L 
 
 i 
 i4Ž .for  0. By C and Lemma 5.3 we have the result.r1
COROLLARY 5.7. For i , . . . , i  I and  P , let k r be the index1 r 
such that i  i  			  i . Set 
 2  P . Thenk k1 r i k
˜ ˜f 			 f u  u  b b mod qL 
  L  .Ž . Ž .Ž .Ž .i i 
 1 r
Ž . Ž .  4  4Here, b B 
 and b B   0 for some  , Q  0 .
  r1
˜ ˜ ˜ ˜Ž .Proof. It is clear that f 			 f u  u  u  f 			 f u i i 
  
 i i k1 r k1 r
ker e . Hence we havei k
˜ ˜ ˜ ˜ ˜f 			 f u  u  f u  f 			 f u mod qL 
  L  .Ž . Ž .Ž .Ž . ž / ž /i i 
  i 
 i i k r k k1 r
Then the assertion follows from Lemma 5.3.
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COROLLARY 5.8. For 
,  P and i , . . . , i  I, we hae one of the 1 r
following two cases.
˜ ˜Ž . Ž .1 f 			 f u  qL 
 .i i 
1 r
˜ ˜ ˜ ˜Ž . Ž . Ž . Ž Ž . Ž ..2 f 			 f u  u  f 			 f u  u mod qL 
  L  .i i 
  i i 
 1 r 1 r
Ž .Proof. This follows immediately from Lemma 5.5 4 .
LEMMA 5.9. Let 
,  P .
Ž . Ž Ž . Ž .. Ž .1 S L 
  L   L 
 .
, 
Ž . Ž Ž . Ž ..2 For Q , and w L 
  L  ,r1 

˜ ˜S f w  f S w mod qL 
 .Ž . Ž . Ž .Ž .
,  i i 
 , 
Ž . Ž .Proof. 1 This follows immediately from L  u . 
Ž . Žn. Žm.2 By Lemma 5.3, we may assume that w f u f  with ui i
Ž . Ž .L 
 ,   L  , and e u e   0. Let M be the -module generated byi i
Ž s. Ž t . ˜ Žn1. Žm.Ž . Ž .f u f  . Then M L 
  L  . Hence f w f u f  ori i i i i
Žn. Žm1. ˜ ˜Ž . Ž . Ž .f u f  mod qM and S f w and f S w belong to qL 
i i 
,  i i 
, 
Ž .except when   L  and m 0. Now assume that   u . Then 
f Žn1.u u if f Žn1.u 0i  iŽn.f˜ f u u  mod qM.Ž .i i  Žn. Žn1.½ f u f u if f u 0i i  i
˜ Žn. Žn1. ˜ Žn. ˜ Žn.Ž . Ž . Ž .Hence S f f u u  f u f f u f S f u u by 1 .
,  i i  i i i i 
,  i 
5.4. Small Loop
Ž 1. Ž .We shall show C . First note that if 
,  0, then L 
 r 

Ž .L  and hence there exists a positive integer N 0 such that
e L 
  qN L 
 for all 
 0.Ž . Ž .˜ 
i
Given a dominant integral weight 
 P , let T be a finite subset of P 
containing 
 and all the fundamental weights and their doubles. For each
Ž .





 Ž .q L 
 . Since T is a finite set, we can take a sufficiently large N 0
such that
e L 
  qN L 
 for all 
 T .Ž . Ž .˜ 
i
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Hence there exists a positive integer N 0 such that
e L 
  qN L 
 for all 
 0, 5.4Ž . Ž . Ž .˜ 
i
e L 
  qN L 
 for all 
 T . 5.5Ž . Ž . Ž .˜ 
i
Ž .LEMMA 5.10. Let N 0 be a positie integer satisfying 5.4 . Then for all

 T and  0, we hae
e L 
  L   qN L 
  L  .Ž . Ž . Ž . Ž .Ž .˜ Ž .
i
Ž . Ž .Proof. Let u L 
 and   L  with    . We shall
 
Ž . N Ž . Ž .show that e u belongs to q L 
  L  . When  0 or  0, iti˜
has already been proved by Lemma 5.3. Hence we may assume that either
 0,   or   ,  0.
Ž . Žm.Case i  0,   . We may assume that u u . Write  Ý f 
 i m
Žwith e   0. Here the summation runs over m such that 
 i m
.Ž . Žm1. N Ž . Ž .m h m 0. Then e  Ý f   q L  by 5.5 , and hence˜i i i i m
N Ž .  q L  for m 1. Sincem
e u  e u  f Žm. ,Ž .˜ ˜ Ž .Ýi i 
 i m
m1
this is contained in the -module M generated by f Ž s.u  f Ž t . for eachi 
 i m
N Ž .m 1 by Theorem 4.2. Then the result follows from M q L 
 
Ž .L  .
Ž . Ž .Case ii   ,  0. The proof is similar to that for Case i .
LEMMA 5.11. If 
 P satisfies 
 0, then
e L 
  qN1L 
 .Ž . Ž .˜ 
i
˜ ˜ Ž .Proof. Let u f 			 f u  L 
 . If i  			  i , then we are done.i i 
 1 r1 r
If not, choose k r such that i  i  			  i . Set 
  2 andk k1 r 0 i k
 
 
 . Since 
 0, we also have  0. Then By Corollary 5.7 we0
have
˜ ˜w f 			 f u  u     mod qL 
  L Ž . Ž .Ž .Ž .i i 
  01 r 0
 4 Ž . Ž .with  , Q  0 and   L 
 ,   L  . By Lemma 5.3r1 0 
  0
Ž . Ž . Ž . Ž Ž . Ž ..we have e     L 
  L  . Hence, e w e qL 
  L  ˜ ˜ ˜i 0 i i 0
Ž . Ž .L 
  L  . Then the preceding lemma implies that0
e w qN1 L 
  L  .Ž . Ž .Ž .˜ 
 i 0 0 i
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Ž 5 .Applying  , we obtain by C
 ,  r10
˜ ˜ N1e f 			 f u  q L 
   .Ž .i˜ i i 
  01 r 0
Since 
   
, we are done.0




  qN1L 
 .Ž . Ž .˜ 
i
˜ ˜ NŽ . Ž .Proof. Put w f 			 f u . If w qL 
 , we have e w q qL 
 by˜i i 
 i1 r
Ž . Ž .5.5 . If w qL 
 , take  P with  0; then we have
˜ ˜f 			 f u  u  w u mod qL 
  L Ž . Ž .Ž .Ž .i i 
  1 r
˜by Corollary 5.8. On the other hand, Lemma 5.11 implies that e f 			i˜ i1˜ N1 ˜ ˜ N1Ž . Ž . Ž .f u  q L 
  , and hence e f 			 f u  u  q L 
 ˜i 
 i i i 
 r 1 r
Ž . Ž 4.L  by C . This implies thatr
e w u  qN1L 
  L   qe L 
  L Ž . Ž . Ž . Ž .Ž .˜ ˜Ž .i  i
 qN1L 
  L  5.6Ž . Ž . Ž .
Ž . Žm.by Lemma 5.10 and 5.5 . Now write wÝ f w with e w  0. Herem i m i m
Ž .Ž .summation runs over m such that 
 m h m 0. Theni i
Žm1. N Ž . N Ž .e wÝ f w  q L 
 implies that w  q L 
 for m 0.i˜ m i m m
For m 0, letting M be the -module generated by f Ž s.w  f Ž t .u , wei m i 
have
e w u  e f Žm.w  u˜ ˜Ž . Ž .Ýi  i i m 
m1
 f Žm1.w  u  e w u mod qM.˜Ý i m  i 
m1
N1 Ž . Ž . N1 Ž .Since qM q L 
  L  , we obtain e w u  q L 
 i˜ 
Ž . Ž . N1 Ž .L  by 5.6 . By applying S , we obtain e w q L 
 by Lemma˜
,  i
N1 Ž .5.9. In both cases, we have e w q L 
 .i˜
Ž 1.PROPOSITION 5.13. C . For 
 P and Q ,r  r
e L 
  L 
 .Ž . Ž .˜ 
i
Proof. By Lemma 5.11, Lemma 5.12, and descending induction on N,
Ž .we obtain the result since 5.5 holds for a positive integer N.
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Ž 1 .Since Lemma 5.3 depends only on C , we haver1
LEMMA 5.14. Let 
,  P and let  , Q . r
Ž . N Žn. Ž .1 Suppose that u  Ý f u  L 
 , where u n0 i n 
 n
Ž . Ž .Ž .V 
 , e u  0, and u  0 except when 
  n h  n
n i n n i ii
Ž .0. Then u  L 
 .n
˜Ž . Ž Ž . Ž . . Ž . Ž . Ž Ž .2 f L 
  L   L 
  L  and e L 
 ˜i 
  i 

Ž . . Ž . Ž .L   L 
  L  .
Ž 2 .5.5. Proof of Cr
Ž .LEMMA 5.15. Let 
,  P and let Q . Then for any u L 
 , r 

e u u  e u u mod qL 
  L  .Ž . Ž .Ž .˜ ˜Ž .i  i 
Proof. We may assume that u f Žn.w with e w 0 and wi i
Ž .L 
 by Lemma 5.14. Let M be the -module generated by
n iŽ s. Ž t . Ž Žn. . Žn1.f w f u . Then by Theorem 4.2, we have e f w u  f w˜i i  i i  i
Ž . Ž . Ž .u mod qM . Now our assertion follows from M L 
  L  .
LEMMA 5.16. If 
 0, then for any Q ,r
 4e B 
  B 
  0 .Ž . Ž .˜ 
i
˜ ˜ Ž .Proof. Let b f 			 f u  B 
 . If i  			  i , then we arei i 
 
 1 r1 r
done. If not, choose k r such that i  i  			  i . Set 
  2k k1 r 0 i k
and  
 
  0. Then Corollary 5.7 implies that0
˜ ˜f 			 f u  u  b b mod qL 
  L Ž . Ž .Ž .Ž .i i 
  01 r 0
Ž . Ž .  4with b B 
 , b  B   0 , and  , Q . Hence, we0 
   r10
obtain
˜ ˜e f 			 f u  u  e b b  B 
  B Ž . Ž . Ž .˜ ˜Ž .i i i 
  i 01 r 0
mod qL 
  L Ž . Ž .Ž .0
Ž . Ž .by Lemma 5.14 2 and Lemma 5.5 1 . Therefore, applying  , we obtain
 , 0
Ž 2 . Ž 5 . Ž 6 .by C , C , and Cr1 r1 r1
˜ ˜  4e b e f 			 f u  B 
  0 .Ž .˜ ˜i i i i 
1 r
Ž 2 .PROPOSITION 5.17 C . For all 
 P , we haer 
 4e B 
  B 
  0 .Ž . Ž .˜ 
i
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˜ ˜ Ž .Proof. Put b f 			 f u  B 
 . Choose  0. Then by Corol-i i 
 
1 r
lary 5.8, we have
˜ ˜f 			 f u  u  b u mod qL 
  L  .Ž . Ž .Ž .Ž .i i 
  1 r
Applying e , we obtaini˜
˜ ˜e f 			 f u  u  e b  u mod qL 
  L  5.7Ž . Ž . Ž .Ž .Ž .˜ ˜Ž .i i i 
  i 1 r
Ž .by Lemma 5.15 and Lemma 5.14 2 . On the other hand, by Lemma 5.16,
we obtain
˜ ˜ ˜ ˜  4e f 			 f u  f 			 f u  B 
   0 mod qL 
  .Ž . Ž .Ž .i˜ i i 
 j j 
1 r 2 r
Ž . Ž 4.Applying  , by 5.7 and C we have
,  r
˜ ˜e b  u  f 			 f u  u mod qL 
  L  .Ž . Ž .Ž .Ž .˜ Ž .i  j j 
 2 r
˜ ˜ Ž Ž ..Taking S on both sides, we have e b f 			 f u mod qL 
 by˜
,  i j j 
2 r
Lemma 5.9. Hence we are done.
Ž 3.5.6. Proof of Cr
LEMMA 5.18. Let 
,  P and let Q . Then r
˜L 
  L   f L 




 u  L  .Ž . 

˜Proof. Let L be the left-hand side and let L be the right-hand side.
˜  4 Ž .We already know that L L. For Q  0 and b b B 
r1 

Ž . Ž . Ž . B  , there exists i such that e b b  0 by Lemma 5.5 3 .˜ i
˜Ž . Ž .Then Lemma 5.5 2 implies that b b f e b b . Therefore, we˜i i
˜Ž . Ž .obtain L 
  L   L qL. Hence we have
 
˜L L qL L 
  u .Ž . 
˜ ˜ Ž .For f 			 f u  B 
 , we havei i 
 
1 r
˜ ˜ ˜ ˜ ˜f 			 f u  u  f f 			 f u  u mod qL 
  L Ž . Ž .Ž .ž / ž /i i 
  i i i 
 ž /1 r 1 2 r
˜ ˜Ž .by Lemma 5.5 4 . Thus we obtain L L L qL. Then Nakayama’s
lemma yields the desired result.
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LEMMA 5.19. Let  0 and let Q . If 
 P , then we haer 
 L   L 
  L  





Proof. For u L  
 , we have

˜ u , f L   L 
Ž . Ž . Ž .Ž . 
ž / , 
 i i
˜ u , f  L   L 
Ž . Ž .Ž . 
ž /i  , 
 i
˜ u , f L   L 
 Ž . Ž .Ž . 
Ž .i i
Ž 5 . Ž .





 u  K u  RuŽ . Ł , 
 i  
kž /k1
r
Žh .ik q u  Ru mod f V   V 
 .Ž . Ž .Ž .Ł Ýž /i  
 ikž /k1
Therefore we obtain
 u , u  L 
  qŽhik . Ru , L 
 . 5.8Ž . Ž . Ž . Ž .Ž .Ž . ŁŽ .
 
 , 
  i 
k




Ž . Ž .L  




4Ž . Ž .  L  
 and C ., 




LEMMA 5.20. Let  0 and let 





we hae Ru  L  . 
Proof. By the above lemma, we know that
R u  u , L   L 
  Ru , L   L 
 .Ž . Ž . Ž . Ž .Ž .Ž . Ž .Ž . 
 
  , 

5.9Ž .
˜ ˜ Ž .Here we may assume that f 			 f u  qL  . Then we obtaini i 1 r
˜ ˜ ˜ ˜Ru , f 			 f u  R u  u , f 			 f uŽ .ž / ž /
 i i 
  , 
  
 i i 
1 r 1 r
˜ ˜ R u  u , f 			 f u  uŽ . Ž .ž / 
 i i  
1 r
˜ ˜ R u  u , f 			 f u  u mod qŽ .Ž . ž / 
 i i  
ž /1 r
˜ ˜ Ru , f 			 f už / i i 1 r
Ž .by Corollary 5.8 and 5.9 . Hence we are done.
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LEMMA 5.21. Let  0 and let Q . If 
 P , then we haer 
 L 
  L   L 





Proof. For u L 
  , we have

˜ u , f L 
  L  Ž . Ž . Ž .Ž . 
ž /
,  i i
by the same argument as that in Lemma 5.19. On the other hand, for
Ž .
u Ru  L 
  , we obtain
 

 u , u  L   q
Žhik . Ru , L  Ž . Ž . Ž .Ž . Ž . ŁŽ .
,  
 i k
by the above lemma. By the same argument as that in Lemma 5.19, we are
done.
Ž . Ž .LEMMA 5.22. Let 
 0. For b B 




f˜ b if and only if b e b.˜i i
˜Ž . Ž . Ž .Proof.  For b B 
 , let b f b B 
 . Let b
 i 
iŽn. ˜ Žn. 1Ž .f u be given by Lemma 5.4. Note that e f b f u  b by C .˜i n i i i n r
˜ ˜Ž . Ž . Let b f 			 f u  B 
 and e b 0. If i  			  i , then˜i i 
 
 i 1 r1 r
we are done. If not, choose k r such that i  i  			  i . Setk k1 r

  2 and  
 
 . Then by Corollary 5.7 we have0 i 0k
˜ ˜f 			 f u  u  b  b mod qL 
  L Ž . Ž .Ž .Ž .i i 
  1 2 01 r 0
 4 Ž . Ž .with  ,  Q  0 and b  B 
 , b  B  . Now byr1 1 0 
  2 0˜ Ž .Lemma 5.5, we know that b  b  f e b  b . Combining these re-˜1 2 i i 1 2
sults, we have
˜ ˜ ˜ ˜ ˜f 			 f u  u  f e f 			 f u  u mod qL 
  L  .Ž . Ž .Ž .˜Ž . Ž .i i 
  i i i i 
  01 r 0 1 r 0
˜ Ž Ž ..Applying  , by Lemma 5.21 we have b f e b mod qL 
 .˜
 ,  i i0
Ž 3. Ž . Ž .PROPOSITION 5.23 C . For b B 
 and b B 
 , br 
 

f˜ b if and only if b e b.˜i i
˜ ˜ ˜ ˜Ž .Proof. Let b f 			 f u  B 
 and let e b f 			 f u ˜i i 
 
 i j j 
1 r 2 r
Ž .B 
 . Choose  0. Then by Lemma 5.15 and Corollary 5.8, we
 i
know that
˜ ˜ ˜ ˜e f 			 f u  u  f 			 f u  u mod qL 
  L  .Ž . Ž .Ž .˜ Ž . Ž .i i i 
  j j 
 1 r 2 r
5.10Ž .
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Ž . Ž 5 .Applying  on 5.10 , by C we obtain
,  r1
˜ ˜ ˜ ˜e f 			 f u  f 			 f u mod qL 
  . 5.11Ž . Ž .Ž .i˜ i i 
 j j 
1 r 2 r
˜ ˜ ˜ ˜Ž .Here, we obtain e f 			 f u  B 
  ; that is, f 			 f u i˜ i i 
 j j 
1 r 2 r˜ ˜Ž . Ž . Ž .qL 
  . If not, applying  , we have f 			 f u  u  qL 
 
,  j j 
 2 r˜ ˜Ž . Ž .L  . But taking S , we have f 			 f u  qL 
 , which contradicts the
,  j j 
2 r˜ Ž .assumption by Lemma 5.9. Acting f on 5.11 , by Lemma 5.22 we havei
˜ ˜ ˜ ˜ ˜f 			 f u  f f 			 f u mod qL 
  .Ž .Ž .i i 
 i j j 
1 r 2 r
Ž 4.Applying  by C we have
,  r
˜ ˜ ˜ ˜ ˜ ˜f 			 f u  u  f f 			 f u  u  f e b  uŽ .˜Ž . Ž . Ž .i i 
  i j j 
  i i 1 r 2 r
mod qL 
  L  .Ž . Ž .Ž .
˜ Ž Ž ..Now, taking S , we have b f e b mod qL 
 by Lemma 5.9. The other˜
,  i i
half is the same as Lemma 5.22.
Ž 5. Ž 7.5.7. Proof of C  Cr r
Ž 7. Ž . Ž . Ž .PROPOSITION 5.24 C . B 






Proof. Assuming that Ý a b 0, let us show that a  0. Forb BŽ
. b b
 ˜Ž .each i we have Ý a e b  0. Since e b 0 implies b f e b by˜ ˜ ˜b BŽ
. b i i i i

Ž 2 . Ž 3.  Ž . 4C and C , the set e b : b B 
 , e b 0 is linearly independent˜ ˜r r i 
 i
Ž 7 .by C . Hence a  0 if e b 0. Since there exists an index i such that˜r1 b i
e b 0 for each b, all a vanish.i˜ b
LEMMA 5.25. For Q and 
 P , we haer 
Ž .  Ž Ž . Ž ..  41 u L 
 qL 
 e u 0 for any i  0.˜
 i
Ž .  Ž .  Ž . 4 Ž .2 u V 
 e u L 




Ž . Ž Ž . Ž ..Proof. 1 Let uÝ a b L 
 qL 
 be an element suchb b 

that e u 0 for any i. Then Ýa e b 0. Hence a  q if e b 0.˜ ˜ ˜i b i b i
Ž .Therefore all u qL 
 .
Ž . Ž . Ž .2 Let u V 
 be an element such that e u L 
 for any i. If˜
 i
N Ž . Ž N . Ž . Ž .u q L 
 for N 0, then e q u  qL 
 for any i. By 2 , we havei˜
N Ž . Ž .q u qL 
 . It shows that u L 
 by the induction on N.
Ž 5.PROPOSITION 5.26 C . Let 
 P and let  P . Then we haer  
 L 
  L   L 




Proof. By Lemma 5.14, we have
e L 
  L   L 
  L  .Ž . Ž . Ž . Ž .Ž . Ž .˜ Ž . 

i i
Ž 5 .Applying  by C we have
,  r1
e  L 
  L   L 
  .Ž . Ž . Ž .Ž .˜ Ž .
i 
 , 
By Lemma 5.25, we have the desired result.
Ž 3. Ž .Since C holds, Lemma 5.4 and Lemma 5.5 2 hold for Q .r r
Ž Ž . Ž .. Ž .LEMMA 5.27. If b b B 
  B  and e b b  0,˜
 i
˜ Ž . Ž Ž . Ž ..then b b f e b b mod qL 
  L  .˜i i
Ž 6.PROPOSITION 5.28 C . Let 
,  P . Then we haer 
 4 B 
  B   B 
   0 .Ž . Ž . Ž .Ž .Ž .

 , 
Ž Ž . Ž ..Proof. Let b b B 
  B  . If there is i such that

Ž . Ž . Ž . Ž 5 .e b b  B 
  B  , then by Lemma 5.14, Lemma 5.27, C ,i˜ r1
Ž 6 .and C , we haver1
˜ b b  f e b bŽ . Ž .˜ž /
,  
 ,  i i
˜  4 f  e b b  B 
   0 .Ž . Ž .Ž .˜i 
 ,  i
Ž . Ž .If e b b  0 for any i, then e  b b  0 for any i. Hence˜ ˜i i 
, 
Ž . Ž .Lemma 5.14 2 implies that  b b  0. Hence we are done.
, 
Ž 1. Ž 7.Thus we have proved C  C . This completes the proof of ourr r
existence theorem.
6. UNIQUENESS OF THE CRYSTAL BASE
Using the same argument as that in Lemma 5.25, we have the following.
Ž .LEMMA 6.1. Let M be an integrable highest weight U  -module haingq
Ž .highest weight 
. For a crystal base L, B of M, we hae
Ž .   41 u LqL e u 0 for any i M .i˜ 

Ž .   42 uM e u L for any i  LM .i˜ 

Ž .LEMMA 6.2. Let 
 P and let L be a sub--module of V 
 such that
L L and L u . Then we hae P  
 

˜Ž . Ž .1 If f L L for any i, then L 
  L.i
Ž . Ž .2 If e L L for any i, then L L 
 .i˜
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Ž . Ž .Proof. 1 is clear. Let us show that L  L 
 be the induction on 
Ž .. We may assume that  
 and L  L 
 for any i. Hence i i
Ž . Ž .L Ý e L Ý e L 
  L 
 . Then Lemma 6.1 implies the desired˜ ˜ i i  i ii
result.
Ž .PROPOSITION 6.3. Suppose that 
 P . For any crystal base L, B of
Ž . Ž . Ž Ž . Ž ..V 
 , there exists an isomorphism of crystal base L, B  L 
 , B 
 .
Ž .Proof. We may assume that L   L 




Ž . Ž . Ž .we have L L 
 . By definition of B 
 , it is clear that B 
  B. Since
Ž . Ž . Ž .B 
  dim V 
 B for all 	 
, we must have B 
  B . Žq.    
Hence we are done.
Finally we can prove the uniqueness theorem for the crystal base in a
fairly standard manner.
Ž .THEOREM 6.4. Let M be a U  -module in category O with a crystalq int
Ž . Ž .n
Ž .base L, B . If M V 
 n   , then there exists an isomor-
 P 
  0
phism of crystal bases
n n
 
 : L, B  L 
 , B 




Proof. The proof is the same as that for KacMoody algebras. For
 example, see 4, 6, 8 .
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